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A NEW SEQUENCE OF INTEGRAL TESTS FOR THE CONVERGENCE 
AND DIVERGENCE OF INFINITE SERIES.* 

By Raymond W. Brink. 

Introduction. The convergence or divergence of a given series is deter- 
mined by the behavior of its partial sum, the sum of the first n terms of the 
series. If this partial sum approaches a finite limit as n increases in- 
definitely, the series is said to converge; otherwise it diverges. 

For certain series, as for example a geometric series, it is possible to 
find explicitly a simple analytic expression for a function that for successive 
positive integral values of the variable takes on the values of the corre- 
sponding partial sums. Whenever such a function is known, the series is 
known to converge if the function approaches a finite limit when the variable 
becomes infinite, and to diverge or oscillate otherwise. 

Often when an ordinary examination of a given series u + u t + • - • , 
brings to light no such function Six) having the property that 

S(ri) = S n = u + u x 4- u 2 + ■ ■■ + U n -l, 

one can readily find a simple function u(x) such that u(n) = u n . And in 
other cases where no simple function S(x) and no simple function u(x) are 
apparent, it is possible to find a simple form for a function r(x) having the 
property that r(n) = r„ = u n +i/u n , the general test-ratio of the series. 

More generally, it is often possible to find some simple function fix) 
such that 

f(n) = fn = <p(u n , Un+1, • • •, U n +k), 

a function of the nth term of the series and of a certain number of the follow- 
ing terms. Since u n = S„+i — S n , we can write 

fin) = /„ = 4>(Sn, /Sn+l, • • •, $ n+ fc + i). 

Then the equation 

f{x) = +iSix),S(x + l), ...,Six + k)) 

is a difference equation in Six), which, if Six) is properly defined in some 
initial interval, defines the function Six) elsewhere so that Sin) = S n - 
An examination of this function Six) is then often sufficient to establish the 
convergence or divergence of the series in question. 

* The results of this paper were presented to the American Mathematical Society, April, 1916. 
Many of the proofs, however, have been worked out in their present form since that time. 
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40 RAYMOND "W. BEINK. 

By means of this principle the following sequence of integral tests were 
suggested. Other tests may be suggested in a similar way. In discovering 
the form of a test involving a certain relation between terms of a series, 
instead of setting up the difference equation for S(x) it is often simpler to 
set up a difference equation for a function involved in an earlier test, and 
then make use of the form of the earlier test. Thus the form of the test 
of § 2 is obtained from that of § 1. And from the form of the former test 
may be obtained that of § 4. Whether the form is discovered in this way 
or by setting up the difference equation in S(x), which may always be done, 
the difference equations will be replaced by differential equations whose 
solutions will serve equally well to suggest the tests. The validity and 
usefulness of the tests suggested in this way will be examined by independent 
methods. 

Throughout the paper the symbol {u n } will be used to denote a sequence 
Uq, Ui, u 2) etc., whose general term u n is positive. Since a finite number of 
terms do not affect questions of convergence, zero will be used as the lower 
limit of summation or integration in stating theorems. It seems better to 
omit certain changes in phraseology that suggest themselves for cases in 
which the conditions of a theorem apply only for values of a variable from 
a certain number on. 

1. The Maclaurin-Cauchy Integral Test. Suppose we are given the series 

Uo + «i + u 2 + 
If u(x) is a function such that u(ri) = u n , the difference equation 

(1) S{x + 1) - S(x) = u(x) 
defines a function S(x) such that 

S(n) = S n = U + U X + • • ■ + M»_i, 

provided that S(x) is properly defined in some initial interval. From equa- 
tion (1), by the mean value theorem, 

(2) S'U) = u(x) 
where x < £ < x + 1, and 

We may reasonably hope that under suitable restrictions, S' (£) may for 
our purposes be replaced by S'(x) and that we may write, approximately, 

S(x) = C + fu(x)dx. 

We may, then, hope that if certain restrictions are placed upon u(x), S(x) 
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will approach a limit or will fail to do so, and the given series will therefore 
converge or diverge according as the integral 



f 



u(x)dx 



converges or diverges. Thus in this first application of our method is 
suggested the Maclaurin-Cauchy test* which is essentially as follows: 

Given a sequence {u n }. Let u(x) be a positive integrable function having 
the property that u(n) = u n , and that either 

(a) a constant k exists such that when \x — x'\ Si, 

u(x) 

u{x') < *' 
or 

Q3) a constant m exists, positive or zero, such that, when x' S x + m, 

u(x) S u{x'). 

00 

A necessary and sufficient condition for the convergence of the series 21 «» is 

n=0 

1 u(x)dx. The method of establishing this 



test and its many applications are too well known to require consideration 
here. 

This test may be extended to test series of positive and negative or 
complex terms, as follows. 

Theorem I. Given a series 

Uo + u t + u 2 + 
Let u{x) be an integrable function of the real variable x such that 

(1) u(n) = u„, 

(2) lim u(x) = 0, 

X=00 

(3) \u(x) — u n \Sv n , Ogi-ngl, 

00 

the series 2 v * being a convergent series, A necessary and sufficient condition 

n—n, 

00 /»00 

for the convergence of the series 53 u n is the convergence of the integral I u(x)dx. 
Proof. If we write 

Si = S n — S,,, = U^ + U^+i + • • • + Un-U 

* Maclaurin: Treatise on Fluxions, I, p. 289, 1742. Cauchy: Exercises de Mathematiques, 
vol. 2, p. 221, 1827. Oeuvres completes, 2" serie, vol. VII, p. 267. 



42 RAYMOND W. BRINK. 

we have 

u(x)dx — Si = I («(#) — i/„)dx + I («(#) — « M+ i)dx 

+ • • • + I («(a;) - «„_i)dx 

t/n-l 

S I \u(x) — u„\dx + I |i/(a;) — u^ +i \dx 

Jf»n 
\u{x) — v^-i\dx 
»— i 

00 

= »,. + *V+1 + • • • + »n-l S 23 »n. 

Since lim w(o;) = 0, lim I u(x)dx = 0,ifnSj<n+l. Therefore 

x=oo as=oo %/» 

I w(x)dx — &£ = ]C *>n, where n ^ # ^ n + 1. 
This inequality estabhshes the theorem, since by increasing \i we can make 

CO 

2 ^n as small as we wish. Moreover the inequality provides us with limits 

on the value of the series if the series converges, or on its oscillation if it 
oscillates. 

Hardy* gives the following theorem: If (1) u(x) possesses a continuous 

/»00 

derivative u'(x), (2) lim u(x) = and (3) the integral I \u f (x)\dx converges, 

x—<x> t/0 

00 

the series ^u(n) converges, oscillates, or diverges together with the integral 

Xoo 
u(x)dx. As Hardy points out, this theorem includes a useful test due 

to Bromwich.f On the other hand, Hardy's test is contained in Theorem I 

XOO 
\u'(x) \dx converges. We have 

u , (x)dx\ ^ I \u'(x) \dx, OSaj-n-gl. 



-n+l /M+l 



00 /»n+l /»»+l 

Then since 2 I \u'(x)\dx converges, v„ = J \u'(x)\dx satisfies the 

n=0 Jn Jn 

conditions of Theorem I. Bromwich and Hardy give some interesting 
examples of series of complex terms tested by these tests. For most 
applications the tests of Hardy and Bromwich and that of Theorem I are 
equally useful. 

* Hardy: Proceedings of the London Math. Society, 2d ser., vol. 9 (1910), p. 127. 
t Bromwich: Proceedings of the London Math. Society, 2d ser., vol. 6 (1908), p. 329. 
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2. Integral Tests of the Second Kind. Given a sequence {«„}. Let 

to 

r„ = Un+x/un be the ra&o of the series X) **»• Then 

n=0 

log r„ = log w n+ i - log u n . 

If r(x) is a positive continuous function such that r(ri) = r n and if u(x) 
is properly defined in some initial interval, the difference equation 

log r(x) = log u(x + 1) — log tt(x) 

defines a function w(a;) elsewhere so that u(n) = u„. By the mean-value 
theorem 

where x < £ < x + 1. We may reasonably hope that under suitable re- 
strictions on r(x), u'(g)/u(£) will differ from u'(x)/u(x) by magnitudes of a 
low order for large values of x, and that without excessive error we may 
write 

u(x) = ke Jo 
Using this form for u(x) in the Maclaurin-Cauchy test, we obtain the integral 

•»» / ] g r (x)dx 



f 



dx 



as a form which under certain conditions may be expected to converge or 
diverge with the given series. In obtaining this form directly from the 
difference equation in S(x) we are led to the differential equation 

whose solution is 

JC X I log r(x)dx 
I e Jo dx. 



The tests suggested in this way are much the most important of the 
present sequence of tests except for the Maclaurin-Cauchy test. These 
tests and others arising from them, as well as certain applications, have 
been treated by the writer in another paper where they were called integral 
tests of the second kind* The three following theorems are quoted from 
that article. 

Theorem II. Given the sequence {u n \. Let r n = u n +i/u n , and let r(x) 
be a positive, integrdble function having the property that r(n) = r n , and that a 

* Transactions of the American Math. Society, vol. 19 (1918), p. 186. 
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constant m exists, positive or zero, such that r{x') ^ r(x) when x' ^ x + m. 

00 

A necessary and sufficient condition for the convergence of the series ^T, u n is 

n=0 

the convergence of the integral 

J log r(x)dx 






Ax. 



Theorem III. Given the sequence {u n }. Let r(x) be a function with an 
integrabU derivative r'(x), such that r(n) = r„ = u n+ i/u„. If 

0<4g r(x) ^ B, 
and the integral 



XGO 



dx 



converges, a necessary and sufficient condition for the convergence of the series 

CO 

2 Un is the convergence of the integral 

»=0 

/ log r(x)dx 



r 



dx. 



Theorem IV. Given the sequence {«„}. Let r„ = u n +i/u n , and let r(x) 
be a positive, integrabU function satisfying the preliminary conditions of one 
of the Theorems II or III, and the further condition that 

\r{x) — 1 1 < a < 1, fii < x. 

OP 

A sufficient condition for the convergence of the series ^Unis the convergence 

nssO 

of the integral 

"» f* (r(x) ~l)dx 



I 



e ° dx. 



This condition is also necessary for the convergence of the series if from a certain 
point on 

\r(x) -1| < j, 

where k is some constant. 

3. The Second-Difference Test. Suppose that we are given a sequence 
{«„) and a function D(x) satisfying the condition that 

D(n) = D n = u„- u„+i. 

By a method similar to that used in the last section we are led to an 
approximate form 

u(x) = C - f*D(x)dx 
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for a function u{x) such that u(ri) = u n . The integral in the Maclaurin- 
Cauchy test will clearly be of most interest if 



= f D(x)dx. 



Assigning this value to C, we are led to hope that under certain restrictions 
the given series will converge or diverge together with the integral 



I I D(x)dxdx. 

Jo Jx 



We have the following theorem. 

Theorem V. Given the sequence {u n \ where lim u n = 0, and a positive, 

integrable function D(x) such that D(ri) = D n = u n — u n+l , and such that either 
(a) there is an integer n, -positive or zero, for which D(x) S D(x'), when- 
ever x' S x + n; or 

(/?) there is a constant kfor which D(x)/D(x') < k, whenever \x — x' | ^ 1 ; 

00 

a necessary and sufficient condition for the convergence of the series 23 u n * s 

n=0 

the convergence of the integral 

j D(x)dxdx. 

Jx 

Proof. In case (a) 

r+i 
D(x)dx s Z> B _^, n > M . 

Now 

I D(x)dxdav= I + + I H + D(x)dx dx 

n Ja: Jn L Jx t/n+1 «/n+2 Jtn— 1 J 

where to is any integer such that m > n + 1 > /* + 1, and where, as else- 
where in this paper, the bar over the signs of integration indicates that all 
the integrals beneath it have the same integrand. Then, by (1), 

I D(x)dxdx ^ !>„_„ + D„_ M+ i + D n -^ +i ^ H A^-i 



(3) 



— IXn—^ li'm—ff 



Likewise 

J D(x)dxdx g D B+(l+ 2 + Dn+^+s + • • • + A»+„ 

Therefore, since lim u m = 0, 

I D(x)dxdx 



n-n- 
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exists, and 

(5) u n+li+2 S I I D(x)dxdx S 
In case (j3) 

(6) ^D n <f D(x).dx<kD n . 
Then, by (2), 

I D(x)dxdx < k(D n + D B+ i + • • • + -D m -i) = &M n - ku m . 

vx 

Likewise 

J £>(»<&<& > £^n+l - |«m- 

Therefore, since lim « m = 0, 

m=ao 

/»n+l /»m 

lim I I D(x)dxdx 

m— oo *A» «/a: 

exists, and ~" 

(9) t u n +i S I I D(x)dxdx S /c«„. 

00 

The theorem follows from a comparison of the two series 21 «„ and 

00 /»M-1 S*tQ 

2 I I D(x)dxdx by means of (5) and (9). 

n=0 Jn *'x 

Example. Test for convergence the following double series 



±± i_r 1 + _JL.l 



This can be taken as a double series of which the (n — l)-st row is the simple 
series 



u. 



„tin 2 (logn)"L lognj 



We see at once that this simple series converges so that m„ exists and 
lim u n = 0. Write 

n=oo 

D« = «„ - Vi = n2 ( log n y [ 1 + J^ J • 

The conditions of the theorem hold, and 

rjx D{x)dxdx - xt^ioW^ 1 +10^]^ = r^T'- 

Therefore the double series converges if p > 1, and diverges if psl, 
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This method involves essentially the same work as that involved in testing 
the series by the generalization to double series of the Maclaurin-Cauchy 
integral test. The present method has the slight advantage that only one 
variable of integration is used. 

4. The Double-Ratio. Suppose that we are given the series 

U Q + Ui + U 2 + 

We may call R n the double-ratio of the series if 

Rn = r n+ i/r n = Wn+2 UnKUn+t) 2 . 

Now suppose that R(x) is a function such that R(n) = R n . Then if r(x) 
is properly defined in some initial interval the difference equation 

log R(x) — log r(x + 1) — log r(x) 

defines a function r(x) having the property that r{n) = r„. By the mean- 
value theorem we are led to the approximation 

logR(x) — r'(x)fr(x), 



or 



logr(x) = I log R(x)dx + C. 

Jo 



Let us substitute this form in place of log r(x) in the test of § 2. We get 
the integral 

f °° r* ( r x log R( x )dx + c)dx , 

(Jo \«/o ) d x _ 



I 



The interesting case is that in which 

C = - C log R(x)dx. 

Jo 

The following test is then suggested. 

Theorem VI. Given the sequence {u„}. Let r„ = u n+ i/u n and 
R n = r n+1 /r„ = Un+2-UnKun+i) 2 . If fim r„ = 1, and if R(x) is a function 

such that R(n) = R„, and such that R(x) S R(x') when x' > x, a necessary 

00 

and sufficient condition for the convergence of the series ^,u n is the conver- 

gence of the integral 

— II logR(x)dxdx 



f 



e J ° Jx dx. 



Proof. By definition 

R„-R n +1 Rm — — •Tm+l, TO > «-. 



r n 
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00 

Then since limr m = 1, the infinite product H R k converges to the value 

l/r„. 

Let to and n be integers such that ^ n < to. Then since R(x) ^1 
we have f or n ^ b £= n + 1 

nm nib /*m 

log iJ (re) dxdx ^ J I log R (x) dxda; 

^ (6 — n) log CR„fl„+i flm-i). 

Also 

log i2(x)da;dx g I log i?(x)dxdx 

^ (6* - n) log (Rn+A+z R m ). 

oo 

Therefore, since JlRk = l/*n, 

log R(x)dxdx 

... 

exists, and 

r+l /»00 
I log i?(x)dxdx ^ log (l/r») = — log r„, 

and 

m+1 /»» 



I log R(x)dxdx S log (l/r B+2 ) = - log r B+2 . 

Now 

X"* 1 - C" f a log R(x)dxdx 

_ r , e -r/>r + ir + - + /:. + X'(r'-**)'"] (b . 

Consequently, by (4), 

W «n+2 

= r *' r * rn+1 = l^- 

And by (3) 

(6) I e JoJx dx g I e^-v r « ) dx=r -r 1 r„= -g-\ 

Since the integral given in the theorem does not oscillate, but converges or 
diverges with the series 

oo /vi+i _ \* f °° log R(x)dxdx 

Z e JoJx dx, 

n—Q «/n 
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00 

a comparison of this series with the given series ]£ u n by means of (5) and 

(6) establishes the theorem. 

The theorem is easily generalized to include functions R(x) which 
satisfy conditions similar to the conditions imposed upon r{x) in Theorems 
II and III. For the sake of brevity it seems better to omit complete state- 
ments of these extensions. 

Example. Test for convergence the following series 

+ e - a ( i+ i + ! + ! + !+-) _|_ .... 

Here 

R n = e"'" 2 , and R(x) = e" x \ 
Since R(x) decreases monotonically for a > 0, and since lira r„ = 1, the 

n=oo 

conditions for the theorem apply. Then 

/ 

XX /»00 /*x /»« r*x -, 

I log R(x)dxdx — — I I — dx = — I -dx = — alogx. 

Therefore 

""* -f*f^*°gR{x)dxdXj f»dx 



(" - I log R{x)dxdx r° 

e Jl Jx dx = I 

Consequently the series converges if a > 1, and diverges if a g 1. 



(7) 



By the mean- value theorem 

log Rix + h)- log R(x) tf(S)/R(i) 1 



R(x + h) - #0) ~ £'(£> ~ #(£) ' 



where x < £ < x + h. Under the conditions of the last theorem, R(x) S 1, 
and lim R(x) — 1. Let h become infinite. Then from (7) 

x—eo 

(8) lo S R(x) = [R(x)-l]~j, 

where x < £. Now 1/R(x) 5 1, but if A; is any constant less than unity, 
there is a constant m such that 1/R(x) > k when x > m. Therefore 

(9) log R(x) :g R(x) - 1, 
and 

(10) log R(x) > k[R(x) - 1], 
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when k < 1 and x > m. Then the integral 



/ 

Jo 



— / I log B(x)dxdx 

e J <> J * dx 

Jo 

diverges if the integral 

Jo 

diverges, and it converges if the integral 
(B) f 



k f* f°° [1-R(x))dxdx 
Jo Jx dx 



converges. So a sufficient condition for the divergence of the series 
Mo + Ui + y>2 + • • • is the divergence of the integral (A), and a sufficient 
condition for the convergence of the series is the convergence of the integral 
(5), if < Jb < 1. 

In case neither of these conditions holds, so that the integral (A) con- 
verges but the integral (B) diverges, let us assume that there is a constant 
X such that 

(11) l-R(x)>- x \. 

Under the conditions of convergence and divergence just stated this assump- 
tion is commonly true. 
We can write 

(12) logfl(x) = (R(x) - 1) - i(R(x) - iy + i(R(x) - l) 3 . 

This series converges when x exceeds some fixed value. By assumption 
(11) we have 

l-i?(x)>-|, (1-R(x)y<¥ } (l-22(x))»>-jj, etc. 
Then since (1 - £(*)) < 0, 

-logR(x) < (1 -R(x)) + 2 T' + ix^ + ^ + ■•- 
And if x > x > X, 

-logB(«) < (l-fi(*))+?[^ + ^» + ^i+ -] = (1-TO)+|, 

where A; is a positive constant. Consequently 

- f"° log R(x)dx < f (1 - R(x))dx + ^ . 
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Integrating again between the limits x and x, we have 

log R(x)dxdx < J J (1 - R(x))dxdx + ^ - ^ 

< jT jH (1 - R(x))dxdx + g^ . 
It follows that if the integral 

Jr* f X f °° (1 - R(x))dxdx 
e Jx " Jx dx 

converges, so also will the integral 

*" - J*§* lo S R(x)dxdx 



Jx 



dx. 



We may therefore state the following theorem. 

Theorem VH. Given the sequence {«„} and a differentiable function 
R(x) satisfying the preliminary conditions of Theorem VI. If k is any con- 
stant less than unity, a sufficient condition for the convergence of the series 

00 

]£ Un is the convergence of the integral 

k f* f °° [1 - B(x)]dxdx 
Ja Jx j> 



X" k I [1 - B{x)]dxdx 
e JoJx dx; 



a necessary condition for the convergence of the series is the convergence of the 
integral 

e JoJx dx, 

Jo 

and this condition is also sufficient if 

(l-R(x))>-± 

where X is some constant. 

Example. Test for convergence the series 

-a + «o(i+j)'(i+l)' (i + srhp)" 



For this series 

r n = 



V 1 + n 2 ) V + (n + iy)V + (n + 2) 2 ) 
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and R n = 1 + (a/n 2 ), so that B(x) = 1 + (a/a; 2 )- The conditions for the 
theorem are clearly satisfied. 

n(l — R{x))dxdx = I f idxdx = — \ -dx = — alogx. 

Therefore 

r J? J? [1 - R{x)]dxdx dx== r4* t 

so that the given series converges if a > 1, and diverges if a S 1. 

A series for which the double-ratio function is known may be written 
in the normal form 

b 2 ¥ ¥ 

a + b + -ao + — 2 ao 2 ai + —gC^a^ai + •••, 

where a„ is the value a(n) of a known function a(x). It is to such series 
that the theorems of this section apply. 

5. The Difference of Ratios. Given a sequence {u n \. Let the ratio be 
r„ = u„+i/u„ and the difference of ratios be 

Pn = r n+1 — r n = — — . 

U n +1 U n 

If p(x) is a function such that p(ri) = p„, and if r(x) is properly defined in 
some initial interval, the difference equation 

p(x) = r(x + 1) — r(x) 

defines the function r(x) so that r(ri) = r„. Then p(x) = r'(|), x< £<x+l, 
and we expect that if suitable restrictions are placed upon p{x), a relatively 
small error will be made if, for large values of x, we set p(x) = r'(x) or 

r(x) = I p(x)dx + C. 
The integral of § 2 becomes 



£ 



e 3 * \ J <> ) dx. 



In the interesting case we shall have 

nx /»x /»« 

lim I p{x)dx + C = 1, or C + I p(x)dx = 1—1 p(x)dx. 

This suggests the following theorem. 

Theorem VIII. Given the sequence {u n \. Let r„ = u n+ i/u n , and 
p n = r n+ i — r n . Suppose that r„ < 1 and that lim r„ = 1. Let p(x) be a 
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func ion such that 

(1) p(tO = Pn, 

(2) < p(x) < 1, 

(3) p(x) decreases monotonically when x increases. 

00 

A necessary and sufficient condition for the convergence of the series ^ u n is 
the convergence of the integral 

p/oM 1 -/;^)^. 

Jo 

Proof. 

r+i 
p(x)dx ^ p n . 

If n and m are integers such that n < m, and if n ^ 6 ^ n + 1, we have 

£log ( 1 — I p{x)dx J dx 

1 _ I _ _ . . . _ p {x)dx 

S (b — n) log [1 — p n+2 — p n+3 — • • • — p m ] 
= (b - n) log (1 - r m+1 + r n+2 ). 
Since r k < 1, this logarithm is denned for all values of n and to. Likewise 

I log ( 1 — I p(x)dx ) dx 

*Jn \ *Jx / / ' s 

1 - - P (x)dx 

Jn «A>+1 i/m-1 J 

g (6 — n) log [1 — p„ — p„+i — • ■ • — p„_i] 

= (b - n) log (1 - r m + r„). 
Therefore, since lim r m = 1, 

m=oo 

lim I log I 1 — 1 p{x)dx 1 dx 

ms=oo t/» \ •Ac / 

exists, »^JSn + l, and 

log ( 1 - I p(x)dx)dx ^ log r B+2 . 



54 RAYMOND W. BRINK. 

Now 



dx 

dx. 



Consequently, by (4), 

(5) f +1 / l0g i"-^ P{x)dx )^<e^^ ^ = r 2 -r 3 r n+1 = ±» . 



Also 

r +1 riog(l-f a p(x)dx)dx, , , , M ., 

oo 

The theorem follows at once from a comparison of the two series ]£ «„ 

ti=0 L «/n J 

We have the expansion 
log ( 1 - I p(x)dx ) 

= -J p(x)dx-2[J p(x)dx| -gl J P (x)dx| . 

Hence log ( 1 — / p(x)dx ) < ~ I p(x)dx. Therefore if the integral 

/" 

Jo 

converges, so also will the integral 

Jo 

In ease the first of these integrals diverges, it will often happen that 

P(») <tf, 

X being a constant. Let us assume that this condition holds. Then 



*\-fo x r p w dxdx dx 
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from (7) we have for x > xo > X, 

log f 1 — J p(x)dx)>-j p{x)dx-Aj ji<te\ 

(8) -i[rh dx ] 3 -'" > -r p{x)dx 

where & is a positive constant. Consequently 

I log ( 1 — | p(x)dx Jdx > — J I p{x)dxdx— I — dx 

= I I p(x)dxdx -\ > I I p(x)dxdx. 

It follows that 

rj I M i -s:^ )d *) d * dx > c re-rj~ p{x)dxdx dx. 

Therefore if the integral 

/»• _ ("° f p ( x )dxdx 
I e J » Jx dx 

J* 

diverges, the integral 

J log ( 1 — P p(x)dx ) dx 






e* 7 " ^ J * ' dx 



also diverges. We then have the following test. 

Theorem IX. Given the sequence {«»}. Lef r„ = u„+i/u n < 1, and 
lim r„ = 1. Let p(x) be a function such that p(n) = p» => r n +i — r n , 

n=oo 

< p(x) < 1, and p(x) decreases monotonically. The convergence of the 
integral 



r° - f' f P(.x)dxdx 

\ e JoJx dx 

Jo 

00 

is sufficient for the convergence of the series 2 "»• Moreover if there is a con- 

stantf X such that from a certain point on p{x) < X/x 2 , tfie convergence of the 
integral is necessary for the convergence of the given series. 

00 

Example. Test for convergence the series E«« where 

n-I 

Un = t 1 "Silt 1 "SoTFi?] V-^ik + n-iy] 



56 KATMOND W. BRINK. 

y. being so large that u n > for all positive integral values of n. For this 
series 

Then lim r n = 1. Also 

n=eo 

pB = ( M + n) 2 ' p(a:) = ( M + a;) 2 - 
The conditions of the theorem are satisfied. 

- .[ £ p(x)dxdx = ■ XT(^? dxdx = £~^c dx = - log (m + x)a - 

Therefore 



r - XX p{x)dxdx dx = r &L 



and the given series converges if a > 1, and diverges if a ^ 1. 
6. The Ratio of Differences. Let us call 

t U n +2 — Un+1 

On = 

U n+ i — U n 

the ratio of differences for the series 

«o + Ui + u 2 + •••. 

Suppose that 5(x) is a function such that 8(tc) = S n . By the same sort of 
work as that given in the preceding sections, the difference equation in u(x) 

_ u(x + 2) - u(x + 1) 
° W ~ u(x + 1) - u{x) 
gives 

d(x) = T = 6, " W<,,) ' *<€<i<*+2, 
which suggests as a useful differential equation 

Then, by the methods already used, the following test is suggested. 
Theorem X. Given the sequence \u n } where lim u„ = 0. Let 

nssoo 

U n+ 2 — U n +1 

On = i 

U n +l — U n 
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and let S(x) be a function having the following properties. 

(1) S(n) = S n> 

(2) S(x) si 1, 

(3) S(x') Si S(x), x' < x. 

A necessary and sufficient condition for the convergence of the series ^u n 
is the convergence of the integral 

X» C m i log S(x)dx 
J e jQ dxdx. 

Proof. 
(1) log 5„ Si I log S(x)dx Si log S n+1 . 



r«+i f" kg s(x)dx r>+ i f + f + ■ ■ • + r r x iog «(x)<te , 

, 2 v I e Jo dx = I e Jo Jl Jb - 1,/b cZx 

Si e^c** *■> = Si-S, S n , ns^fi. 

Similarly 

-"•+ 1 F log S(x)dx 



Jf*»+ l / log i(x)dx 
e Jo dx^8< r S 1 5„. 

n 

Now 



Now 

»+i /to r* i og S ( x )dx 



+ \ + ■■■ + e J ° \dx. 

Therefore, by (2), 



(4) J„ J, 


e Jo 


log S(x)dx 

dxdx 


S [5i-5 2 


. . . . 


Sn + «1- 


■«,- ••• 


•5 n +i 


+ 






and by (3), 












+ «1 


•«,- • 


• ■ 


•Sm-i], 


/Wl+l /to* 

(5) J. J, 




\ogS{x)dx 

dxdx 


S[«o-«i- 




■5 n +i + 5o 


.«!• ••• 


•5„+2 


+ 






Moreover 






■•••«.= 


u n+i 


— Mo 


+ 5 


•«!• • 




•5m- 


-J- 



This division by u x — m is justified by the conditions imposed on S(x). It 
follows that 
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lim [So-Si 8„ + 5 -5i S n+1 + • • • + So-8i Sm-i] 

m=co 

= lim — [(m„+2 - M„+l) + (m»+3 - u n+2 ) + •■■ + (Un+i — u m )] 

_ ^^ M^x - M n+ 1 _ «»+! 
m=» «1 — Mo Mo — «1 ' 

Consequently, by (4) and (5), 

X Ml - M 2 

and 

(8) r'fe^ 1088 ^^^^^-. 

J n J x Mo - Mi 

00 

The theorem then follows from a comparison of the two series E m„ and 

n=0 

£ I e Je dxdx. 

n=0«/n t/x 

Example. Test the double series 

n=2 l=n— 1 



We can write this as E m„ where 



m„ = £ e 

*=»-i 



A -St 



*=i A 



First let us determine under what conditions the series defining u n converges. 
We can write 

p p p p p p °° 

u n = C(l + e « + e »"»+i + e »"»+i"»+2+ . . .) = C + CZ^, 

*=0 

p p p CO 

where v k = e~ « ~ »+i ~ "" ~ »+* . For the series 2 Vk, the ratio is 

-—£— p 

rh = Vk+i/Vk = e *+»+i, and r(x) = e »+x+i. 
We can apply Theorem II. We get 

r* rio%r(x)dx (** f X , p , . da; /** dx 

00 

and the series £*>* converges, and m„ is denned, if and only if p > 1. 

*=0 

If p > 1 we see also that lim m„ = 0, for m„ is the remainder after (n — 2) 
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terms of the convergent series that defines u%. We have 

if 

U n +i — U n +1 _ e "- 1 _£ 

dn u n+1 -u n _-= l g e ' 

e *='* 

_p 

S(x) = e *. 



We may apply Theorem X. As in (9), we have 



(10) 



£ X ^(x)dx C C* dx 



{"» f» log i{x)dx C C 

(11) e Jo dxdx = -^-j 

Jo Jx P ~°" ■"■ •> 



Z p ' 



-1- 



Therefore the given series converges if p > 2, and diverges if p S 2. This 
same series is conveniently tested by means of a generalization to multiple 
series of the test of Theorem II. 

7. Other Tests. The following test is immediately suggested and estab- 
lished by the methods already used. 

Theorem XI. Given the sequence {u n \. Let D n = u n — u n +i, and 
t n = D n — D„+i. If lim u n = 0, and t{x) be a positive function such that 

n=m 

t(n) = t n , and t{x') s t(x), when x > x', then a necessary and sufficient 

00 

condition for the convergence of the series 2 u n is the convergence of the integral 



/*00 /»O0 /»08 

I I j t(x)dxdxda 

Jo J x Jx 



The difference equation of the fourth order for S(x) that leads to the 
following test, as well as the proof of the test are readily suggested by the 
methods used elsewhere in this paper. 

Theorem XII. Given the sequence {u n ). Letr n = Un+ilu„, R n =r n+ \lr n , 
and 

__ r, i-n U n +Z 'U n +1 

p„ — Kn+iin„ — j- . 

U n U n +i 

If Um r„ = 1, and p(x) be a positive function such that p(n) = p n , and 

n=oo 

p(x) Si 1, and p(x') S p{x) when x' > x, then a necessary and sufficient 

00 

condition for the convergence of the series 2 u n is the convergence of the integral 



r 

1/0 



If /log p(x)dxdxdx 

gJ» Jx Jx fa 
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8. Conclusion. From the examples given, the general method is revealed 
by which one can obtain an infinite sequence of tests, of which those given 
above are the simplest and most useful. 

Tests for multiple series are readily suggested by analogy with the 
foregoing tests for simple series. A test for multiple series analogous to 
the test of Theorem II is given in the author's paper to which reference has 
already been made. As is shown by some of the examples of this paper 
some of the foregoing tests can be used directly to examine certain types 
of multiple series. 

The theorems of this paper have been stated for series of constant terms. 
Many of the tests can readily be extended to series of functions, not only 
to test such series for convergence, but also to determine whether the con- 
vergence is uniform, uniform convergence of an integral implying uniform 
convergence of the corresponding series. 

University op Minnesota. 



